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Abstract
The plasmon response of metallic nanostructures is anticipated to exhibit
nonlocal dynamics of the electron gas when exploring the true nanoscale. We
extend the local-response approximation (based on Ohm’s law) to account
for a general short-range nonlocal response of the homogeneous electron gas.
Without specifying further details of the underlying physical mechanism we
show how this leads to a Laplacian correction term in the electromagnetic
wave equation. Within the hydrodynamic model we demonstrate this ex-
plicitly and we identify the characteristic nonlocal range to be ξNL ∼ vF/ω
where vF is the Fermi velocity and ω is the optical angular frequency. For
noble metals this gives significant corrections when characteristic device di-
mensions approach ∼1–10 nm, whereas at more macroscopic length scales
plasmonic phenomena are well accounted for by the local Drude response.
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1. Introduction
The interaction of light with the free electrons in noble metals has led to a
range of novel plasmonic phenomena and a versatile platform for a variety of
new applications [1, 2, 3, 4, 5]. In particular, nanofabrication technologies and
chemical synthesis are now allowing the plasmonics community to explore and
manipulate light-matter interactions at sub-wavelength length scales, taking
Email address: asger@mailaps.org (N. Asger Mortensen)
Preprint submitted to PNFA - invited paper for proc. of TACONA 2012October 31, 2018
advantage of the spatially rapid oscillations of surface-plasmon polaritons
and their ability to localize their energy in very small metallic volumes and
structures [6].
The understanding of the optical response of plasmonic structures has
been successfully developed within the common framework of the local-
response approximation (LRA) with Ohm’s law J(r) = σ(r)E(r) as the
constitutive equation [7, 8]. However, the ability to fabricate and experi-
mentally explore yet smaller metallic nanostructures has recently stimulated
new theoretical developments aiming at quantum phenomena in nanoplas-
monic systems [9, 10, 11] and the most recent experimental developments [12,
13, 14, 15, 16] have clearly made a call for theory developments going beyond
the LRA. Spatial dispersion due to nonlocal response is one of the extensions
of the LRA formalism which have been studied extensively in more recent
years [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27]. While the commonly employed
LRA is inherently a description without any intrinsic length scales [7, 8], the
new developments naturally introduce fundamental length scales associated
with the quantum wave dynamics of the electron gas. As a consequence,
plasmon polaritons can not sustain spatial oscillations beyond a cut-off wave
number ω/vF [28, 29], where vF is the Fermi velocity of the electron gas.
However, even before reaching this cutoff we anticipate important nonlocal
corrections in noble-metal nanostructures with characteristic dimension ap-
proaching the 1–10 nanometer regime.
For light interaction with arbitrarily shaped plasmonic structures, we
begin from general considerations of nonlocal response and treat the case of
short-range corrections to the LRA. The main result of this phenomenological
analysis is that, irrespectively of the detailed underlying physical mechanism,
nonlocal corrections appear in Maxwell’s wave equation for the electrical field
through an additional Laplacian operator term. Next, we turn to a specific
hydrodynamic model and derive this result explicitly. Finally, we briefly
address the importance of nonlocal response by dimensional analysis.
2. Nonlocal response formalism
We consider the interaction of light with metallic nanostructures in the
linear regime, but with a general and spatially nonlocal response, i.e.
∇×∇×E(r) =
(
ω
c
)2 ∫
dr′ ε(r, r′)E(r′). (1)
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In the following we will focus on the electron plasma itself, for simplicity
leaving out any interband effects. For comparison to the commonly employed
framework, we note that within the LRA the two-point dielectric function
simplifies to ε(r, r′) ≈ εDδ(r− r
′) with the usual Drude dielectric function
εD = 1 + iσ/(ε0ω) = 1− ω
2
p/[ω(ω + i/τ)] (2)
where ωp is the plasma frequency, σ is the Ohmic conductivity, and 1/τ is the
damping rate. In this case, the integral in the integro-differential equation
[Eq. (1)] is readily performed and we arrive at the ordinary partial-differential
equation (PDE) for the local-response dynamics of plasmonic systems.
In the following we will use different approaches to get more insight into
the nonlocal response function ε(r, r′) associated with the plasmon response
of the electron gas in metals.
3. Phenomenological considerations
First, we note that the local approximation with a delta-function re-
sponse is an overall very good approximation and modeling based on this is
indeed offering very good accounts of the majority of plasmonic phenomena
observed in experiments. Thus, in our attempt to account for nonlocal re-
sponse it seems adequate to only slightly relax the delta-function response.
Consequently, we turn to a general nonlocal response function ε(r, r′) which
is only short-range and with a characteristic nonlocal length ξNL, such as
in a Gaussian representation of a delta-function response (see Fig. 2). For
convenience, we write the response function as
ε(r, r′) = εDδ(r− r
′) + f(|r− r′|), (3)
i.e. with a local-response Drude contribution and with a small nonlocal cor-
rection associated with a homogeneous and isotropic plasma. In accordance
with the above discussion we assume that f satisfies∫
dr f(r)≪
∣∣εD∣∣, (4a)
∫
dr rf(r) = 0, (4b)
∫
dr r2f(r) = ξ2
NL
. (4c)
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The approach in Eq. (3) is strongly inspired by a recent phenomenological
approach by Ginzburg and Zayats [30]. Rather than using a particular f as
a smearing function in numerical simulations we here proceed analytically.
Due to the short-range behavior of f we may conveniently Taylor expand the
slowly varying electrical field in the integrand of Eq. (1) around the point r.
To second order in (r′ − r) this gives
Ej(r
′) ≃ Ej(r) + [∇Ej(r)] · [r
′ − r] + [r′ − r]T
[
HˆEj(r)
]
[r′ − r], (5)
where the Hessian matrix Hˆ has elements Hˆji = ∂
2/(∂j∂i) and j = x, y, z.
Next, substituting into Eq. (1) and performing the integral it is clear that
by assumption the zero-order term in the expansion contributes negligibly
compared to the Drude contribution [Eq. (4a)]. For symmetry reasons, the
first-order terms and the second-order cross terms vanish identically as they
involve the first moment of f [Eq. (4b)]. Consequently, the leading correction
comes from the diagonal terms of the Hessian which we conveniently write as
1
2
[∇2Ej(r)] [r
′ − r]2, i.e. involving the second moment of f [Eq. (4c)]. With
these steps we now get
∇×∇×E(r) =
(
ω
c
)2 [
εD + CNL∇
2
]
E(r), (6)
where CNL =
1
2
ξ2
NL
. This is already a quite interesting result, suggesting that
nonlocal corrections can be cast into a Laplacian term, seemingly indepen-
dent on the microscopic origin of the nonlocal response. We also note that
with the above few assumptions, we have formally turned from an explicit
nonlocal integro-differential equation [Eq. (1)] to a PDE with the explicit ap-
pearance of only a single coordinate r. Mathematically, the wave dynamics
is now formally formulated as a local-response problem while it is clear that
the nonlocal physics is still represented in the problem, i.e. by an explicit
appearance of the Laplacian operator on the right-hand side. Clearly, the
single-line form [Eq. (6)] is beneficial for the conceptual understanding and
further analytical progress. From a numerical perspective, we note that the
additional Laplacian does not add any complications beyond those already
posted by the double-curl operator on the left-hand side of the equation.
Thus, effects of nonlocal response can now readily be included in existing
simulation packages building on the local-response framework without sig-
nificant computational cost.
At this stage, CNL is a coefficient of a purely phenomenological origin just
as εD accounts phenomenologically for the polarization in response to a local
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electrical field. In more detailed modeling, the semi-classical Drude model
for εD is commonly represented by tabulated experimental data. A similar
strategy could in principle be pursued for the nonlocal coefficient CNL too.
Alternatively, more microscopic or semi-classical approaches could be used to
determine the coefficient. In the following we turn to a specific hydrodynamic
model that accounts semi-classically for nonlocal response in a homogenous
electron gas. As we shall see, CNL ∝ (vF/ω)
2 and consequently the nonlocal
response causes a smearing on length scales ξNL ∼ vF/ω.
4. Hydrodynamic model
For simplicity, we use a semi-classical hydrodynamic equation-of-motion
for the jellium response of the homogeneous electron gas (originally put for-
ward by Bloch [31]), while restraining ourselves from the sub-nanometer
regime where the electron gas is anticipated to exhibit its full quantum wave
nature, including quantum tunneling (in dimer structures), quantum confine-
ment effects (inhomogeneous electron densities in sub-nanometer particles
with a becoming comparable to λF ), smearing of the surface charge-density
profile (on the λF scale due to a finite work function), and Friedel oscilla-
tions (on the λF scale right inside the surfaces of metals). While nonlocal
response, or spatial dispersion, is a consequence of the quantum many-body
properties of the electron gas, we here limit ourselves to a semi-classical
treatment [31, 32, 33, 34]. The usual equation-of-motion for an electron in
an electrical field is extended to a hydrodynamic equation, which includes
a pressure term that originates from the quantum kinetics of the electron
gas. The equation-of-motion is in itself a nonlinear equation in several of
the physical fields, but in the spirit of the linear-response form of Eq. (1),
equations are conveniently linearized, leading to the following set of coupled
PDEs [21]
∇×∇× E(r) =
(
ω
c
)2
E(r) + iωµ0J(r), (7a)
β2
ω(ω+i/τ)
∇ [∇ · J(r)] + J(r) = σE(r). (7b)
Here, the ∇ [∇ · J] = ∇ × ∇ × J + ∇2J correction to Ohm’s law has a
strength β2/ω2. The β factor depends on the particular model for the elec-
tron gas and β2 = (3/5)v2F within the Thomas–Fermi model. In the local
response-approximation the current field J can be straightforwardly elimi-
nated and the resulting wave equation in the electrical field E needs only
be solved subject to the usual boundary conditions for the electrical field E
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itself. On the other hand, the solution of the coupled equations calls for an
additional boundary condition associated with J. We emphasize that once
the physical context has been specified there is no freedom left for choos-
ing the additional boundary condition; it follows explicitly from the already
existing boundary conditions and the fulfilment of the continuity equation
for the induced charge fluctuations [21, 28]. Neglecting the quantum leakage
of electrons (hard-wall confinement associated with a very high workfunc-
tion), i.e. assuming that all electron wave functions vanish at the surface,
the boundary conditions for the current at the metal surface are particular
simple: no electrons can leave the metal volume, while they are allowed to
move parallel to the surface. Mathematically, this implies that the tangen-
tial component of J is unrestricted while the normal component vanishes [21].
Inter-band effects can be included if the boundary conditions are modified
accordingly, see the detailed discussion in the appendix of Ref. [28].
While k-space representations of the hydrodynamic model have been con-
veniently applied to translationally invariant problems for decades [32, 33,
34], nonlocal response can now also be addressed in finite-size metallic struc-
tures of more arbitrary shape. In particular, the coupled equations [Eq. (7)]
form a natural starting point for numerical solutions of arbitrarily shaped
metallic nanostructures [23, 35]. For numerical solutions we have employed a
finite-element method [23] and we have made our numerical implementation
(an extension to the RF Module of COMSOL 4.2a) freely available [36].
In order to illustrate the nonlocal nature more explicitly we next rewrite
the hydrodynamic model so that it explicitly reflects the integro-differential
form in Eq. (1). Eliminating the current from Eq. (7a) we get
ε(r, r′) = δ(r− r′) +
iσ
ε0ω
G(r, r′) (8)
with the dyadic Green’s function defined by{
β2
ω(ω+i/τ)
∇ [∇·] + 1
}
G(r, r′) = δ(r− r′). (9)
The first term in Eq. (8) is the local-response vacuum polarization while
the second term is the nonlocal hydrodynamic contribution due to the jelly
response of the electron gas. Obviously, G(r, r′) has a short-range nature
with a characteristic length scale β/ω. Furthermore, for β → 0 the dyadic
Green’s function approaches a Dirac delta function and we recover the usual
LRA discussed below Eq. (1).
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Finally, let us now show how Eq. (7) links up with Eq. (6). Isolating the
current in Eq. (7a) and substituting into Eq. (7b) we get [37]
∇×∇× E(r) =
(
ω
c
)2
εˆNL(r)E(r), (10a)
εˆNL(r) = εD(r) +
β2
ω(ω + i/τ)
∇2. (10b)
Comparing to Eq. (6) we recover the result obtained from more general con-
siderations and we also infer that within the hydrodynamic model CNL =
β2
ω(ω+i/τ)
, as anticipated in Sec. 3.
Equation (10) was recently used in our numerical study of waveguiding
in plasmonic nanowires, grooves, and wedges [37] giving results in full agree-
ment with those obtained numerically from Eq. (7), while the former holds
potential for better numerical convergence.
5. Dimensional analysis
Having determined CNL in Eq. (6) we now turn to a discussion of the im-
portance of the nonlocal Laplacian correction. As expected, for β ∝ vF → 0
we recover the usual LRA as discussed below Eq. (1). Usually, this limit is
considered trivially fulfilled because vF ≪ c in most metals of relevance to
plasmonics. However, from a dimensional analysis the correction to the local-
response Drude contribution has a strength (vF/c)
2(ka)−2 where k = ω/c is
the free-space wave number while a is a characteristic length scale, such as a
nanoparticle diameter, a surface radius-of-curvature, or a gap distance sepa-
rating two nearby metallic structures, see Fig. 1. Thus, even though the elec-
tron dynamics is much slower than the speed of light the nonlocal response
may nevertheless be an important correction when exhibited in structures
with ka ≪ 1. Fig. 3 shows a typical example where the metal surface has
an abruptly varying surface topography. In the particular example, we show
the electrical-field intensity distribution for the excitation of an arbitrarily
sharp metallic tip. Clearly, the underlying geometry has a self-similarity thus
possing a singular problem for wave equations without any intrinsic length
scales. In the LRA such a structure would exhibit a strong field singularity
whereas nonlocal response serves to smear the induced charges and the field
intensity on the characteristic length scale ξNL ∼ vF/ω.
In order to estimate the spatial dimension where nonlocal response be-
comes a significant correction, say, 1% relative to the Drude contribution we
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have a . 10 × ξNL. Using ωp as a characteristic frequency this can also be
written as a . 6 A˚×(rs/a0)
1/2 where for the noble metals rs/a0 ∼ 3 [38].
Consequently, the nonlocal response becomes an important correction only
at the nanometer scale whereas at more macroscopic length scales plasmonic
phenomena are well accounted for by the Drude response itself.
To further appreciate the importance of nonlocal response we briefly dis-
cuss its spectral influence on localized surface plasmon resonances (LSPR).
Nonlocal hydrodynamic response is associated with additional dynamics of
the electron gas and is thus in general causing a blueshift of the LSPR, see
review by Kreibig and Genzel [39] and references therein. As an example,
the blueshift for a spherical metallic particle of diameter D in a homogeneous
dielectric background is
∆ω ∝
vF
D
+O
(
1
D2
)
(11)
where the prefactor is of the order unity, while depending on the dielectric
background and the interband contributions to the metal polarizability [15].
For silver particles, this seems in overall qualitative agreement with earlier
experimental results on silver particles [40, 41, 39] while our recent electron-
energy-loss spectroscopy (EELS) on silver nanoparticles (supported by silicon
nitride substrates) indicates a blueshift exceeding the above estimate [15].
6. Discussion
The present model generalizes the LRA to account for nonlocal response,
while still assuming a homogeneous equilibrium density profile of the elec-
tron gas. Friedel oscillations and quantum leakage of the wave functions are
examples of surface phenomena (on the scale of the Fermi wavelength) going
beyond this latter assumption [42]. These effects are always present at the
surface no matter the size of the particle. If D is further reduced, the equi-
librium density in the bulk of the particle is influenced too, and eventually
quantum-confinement effects with formation of discrete energy levels could
be anticipated when D approaches the Fermi wavelength of the electron gas
itself. As emphasized in Ref. [39] there is a number of further, sometimes
competing, effects that can cause both redshifts and blueshifts in different
metals as the metal-particle diameter is decreased below 10 nm.
Combining metallic nanoparticles in dimer and trimer configurations,
large field enhancement can be supported by the dielectric gaps. The nar-
rower the gap the larger field enhancement. Compared to the LRA, nonlocal
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response is smearing the induced charge profiles, thus constituting an impor-
tant correction as the physical gap eventually turns comparable to ξNL. In the
context of the hybridization picture [43] the capacitor gap effectively appears
wider and the coupling is consequently reduced. Thus, for the bonding mode
with aligned dipoles the weakening of the field enhancement is associated
with a blueshift as also confirmed by full numerical hydrodynamic simula-
tions [23]. If the gap is further reduced to the sub-nanometer scale where
quantum leakage is likely to manifest itself, a short-circuiting of the capacitor
is anticipated. This area is currently subject to much theoretical [44, 45, 46]
and experimental [14, 16] activity and it is stimulating phenomenological lo-
cal [47] and nonlocal [48] approaches trying to bridge the classical and the
quantum mechanical regimes.
7. Conclusion
In conclusion, nonlocal response becomes noticeable in plasmonic struc-
tures with nanometer-sized features and characteristic dimensions. We have
considered a short-range nonlocal response function for the homogeneous
electron gas and shown how this after a few plausible assumptions leads to a
Laplacian nonlocal correction term in the ordinary local-response wave equa-
tion, seemingly independent on the detailed underlying physical mechanism
for the nonlocality. The result is in full agreement with a more detailed and
specific semi-classical hydrodynamic model where the Laplacian term can
be derived explicitly. Our work thus unifies different semi-classical models
for nonlocal response and it provides an important link between our recent
efforts within the hydrodynamic model [37] and the more phenomenological
approach by Ginzburg and Zayats [30].
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Figure 1: Examples of metallic nanostructures, indicating characteristic length scales a
for (a) isolated metal particles, (b) metal-particle dimers with gaps, (c) corrugated metal
surfaces, (d) sharp metal tips, and (e) metal-nanowire metamaterials. While the local-
response approximation is typically adequate for ka & 1, the nonlocal correction becomes
important for ka≪ 1.
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Figure 2: Schematic illustration of an arbitrarily shaped metal domain with a characteristic
dimension a. The nonlocal response function f(r, r′) with range ξNL is centered around r
and plotted as a function of r′.
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Figure 3: Typical electrical-field intensity for the plane-wave electromagnetic excitation of
an arbitrarily sharp metallic tip. The nonlocal response serves to smear out the diverging
field of the otherwise singular geometry. Courtesy of G. Toscano [49].
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